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ON FREE k-NILPOTENT n-TUPLE SEMIGROUPS

A. V. Zhuchok, Yul. V. Zhuchok

Luhansk Taras Shevchenko National University, Starobilsk, Ukraine
E-mail: zhuchok.av@gmail.com, yulia.mih1984@gmail.com

Following [1], a nonempty set G equipped with n binary operations , v L5
satisfying the axioms (2[r]y)[5]z = a7] (y[s]z) forallz,y,z € Gandr,s € {1,2,...,n},
is called an n-tuple semigroup. An element 0 of an n-tuple semigroup (G,|1], , s [1])
will be called zero if 2 *0 =0=0%z forall z € G and * € {} An
n-tuple semigroup (G,,, ...,[1]) with zero 0 will be called nilpotent if for some
m € Nand any z; € Gwith1 <i < m+1, and *j € {,,...,} with 1 < j < m,

I *1 T ¥9 ... %y Ln41 = 0.

The least such m will be called the nilpotency index of (G,[1], , [n]). Fork €N
a nilpotent n-tuple semigroup of nilpotency index < k is said to be k-nilpotent.

An n-tuple semigroup which is free in the variety of k-nilpotent n-tuple semi-
groups will be called a free k-nilpotent n-tuple semigroup. If p is a congruence on
an n-tuple semigroup G such that G /p is a k-nilpotent n-tuple semigroup, we say
that p is a k-nilpotent congruence.

Let X be an arbitrary nonempty set and w an arbitrary word in the alphabet
X. The length of w will be denoted by I,. Fix n € N and let Y = {y1,92, .-, yn} be
an arbitrary set consisting of n elements. Let further F [X] be the free semigroup
on X, FU[Y] the freec monoid on Y and 6 € F?Y] the empty word. Fix k € N and

define n binary operations ,, .[n]on
Xy[k} = {(wau) € F[X] X FB[Y] | by — by = Ly < ,I;;} U {0} by

a9 _ | (wiws, uyyiug), by <k,
(w1, )] 8 |(wy, ug) = { 0, —-1

(wy, ul)O = (wl,u[) = 00 =0
for all (wy,u1), (we,us) € XY \{0} and ¢ € {1,2,....,n}. The algebra obtained in
this way will be denoted by FN*S(X).
Theorem. FN*S(X) is the free k-nilpotent n-tuple semigroup.
Corollary. The free k-nilpotent n-tuple semigroup F NES(X) generated by a finite
set X x {8} is finite. Specifically, |FNFS(X)| = ?:1 X L

We also consider separately one-generated free k-nilpotent n-tuple semigroups
and describe the least k-nilpotent congruence on a free n-tuple semigroup [2].
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