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YIK 512.579
YuL. V. ZHUCHOK

FREE n-NILPOTENT TRIOIDS

Yul. V. Zhuchok. Free n-nilpotent trioids, Mat. Stud. 43 (2015), 3—11.

We introduce the notion of a nilpotent trioid, construct a free n-nilpotent trioid and describe
its structure. We also characterize the least n-nilpotent congruence on a free trioid and give
examples of nilpotent trioids of nilpotency index 2.

FOu. B. Kyuok. Ceobodnvie n-rusvnomenmuvie mpuouds, // Mar. Cryaii. — 2015. — T.43, Nel.
- C.3-11.

BBeneno noHsTHE HUIBIIOTEHTHOTO TPUOUIA, TOCTPOEH CBOOOMHBIN N-HUJIBIIOTEHTHBIN TPHU-
OWJI U OIMCAHA €r0 CTPYKTypa. TakKe OXapaKTepr30BaHa HANMEHBIA N-HUJIbIIOTEHTHAS KOHI-
DYHIUS HA CBOOOHOM TPUOHJE U IPUBEIEHBI IPUMEPHI HUIBIIOTEHTHBIX TPHOUIOB WHJIEKCA
HUJIBIIOTEHTHOCTHU 2.

1. Introduction. J.-L. Loday and M. O. Ronco (|1]) introduced a type of algebras, called
trioids, which are sets endowed with three binary associative operations =, - and L satisfying
eight axioms: (z 4y) dz=2 4 (yF2)(T1), (zFy) dz=2F (y42)(T2), (x 4y) F
z=xk (yF2)(T3), (xdy)dz=ac4(yL2)(T4), (x Ly)dz=2 L (y42)(T5), (x 4
y)Lz=ao Ll (ykFz2)(T6), (zFy) Lz=abF(yL2)(T7),(xLly Fz=at (yF 2)(T8).
Trioids have applications in the theory of trialgebras ([1]). Recall that trialgebras are linear
analogs of trioids. This kind of algebras is closely related to ternary planar trees. It is well
known that dialgebras (dimonoids) (|2, 3|) can be obtained from trialgebras (trioids). In the
survey paper [4], numerous examples of trioids were presented. The problem of constructing
free trioids was solved in [1, 4]. Free rectangular trioids were given in [5].

Nilpotency in different algebras has been extensively studied by many authors. So, the
notion of a nilpotent semigroup was introduced by A. I. Malcev ([6]) and independently
by B. H. Neuman and T. Taylor ([7]). The relationships between nilpotent semigroups and
semigroup algebras were studied by E. Jespers and J. Okninski ([8]). Nilpotency in rings was
considered in [9]. Papers [10, 11] are devoted to studying (di)nilpotent dimonoids.

This paper develops the variety theory of trioids. In Section 2 constructions of a free trioid
and some other algebras are given. In Section 3 we introduce the notion of a nilpotent trioid,
give examples of nilpotent trioids of nilpotency index 2 and construct a free n-nilpotent
trioid. In Section 4 we introduce the notion of a O-triband of subtrioids and in terms of
0-tribands of subtrioids describe the structure of free n-nilpotent trioids. In the final section
the least n-nilpotent congruence on a free trioid is characterized.

2. Preliminaries. Consider free trioids (see [4]).

2010 Mathematics Subject Classification: 08A05, 17A30, 17D99, 20M10, 20M50.
Keywords: trioid; nilpotent trioid; free n-nilpotent trioid; dimonoid; semigroup; congruence.
doi:10.15330/ms.43.1.3-11

(© Yul. V. Zhuchok, 2015



4 YUL. V. ZHUCHOK

Let Y be an arbitrary nonempty set, Y = {T |z € Y}, X = YUY and F[X] be the free
semigroup on X. Let further P C F[X] be a subsemigroup which contains words w with the
element T (z € Y) occuring in w at least one time. It is easy to see that F[X] is a band of
semigroups P and F[X]\P [12].

Let w € P. Denote by w the word obtained from w by the replacement of all letters T
(x € Y') with z. For instance, if w = 2T g2z, then w = zzyzz. Obviously, w € F[X]\P.

Define operations -, - and 1 on P by

wadu=wu, whku=wu, wlu=uwu

for all w,u € P. Denote the algebra (P,-,+, L) by Frt(Y).
The proof of the following statement is similar to the proof of Proposition 1.9 from [1]
obtained for the free trioid of rank 1.

Proposition 1. Frt(Y') is the free trioid of an arbitrary rank.

If Y = {z}, then Frt(Y) is the free trioid of rank 1 presented by J.-L. Loday and
M. O. Ronco in [1]. In the latter paper it was shown that the free associative trialgebra over
a vector space is completely determined by the free associative trialgebra on one generator
and the description of that trialgebra is reduced to the description of the free trioid of rank 1.
A trioid which is isomorphic to the free trioid of rank 1 can be found in [4].

The notion of a normal form for elements of Frt(Y) of rank 1 (see [1|, Lemma 1.10)
can be naturally extended to the case of an arbitrary set Y. Namely, let Y be an arbitrary
nonempty set and w € Frt(Y). Then we obtain the normal form for w (see [13]):

0 0, (1), (1 2 (2 2 (). G j
w=u"u . ..uéo)ug)ug). u,il)ug)ug). ufcz). ugj 1)u(j)ugj)...u,(jj):

:(ug(’)F...m,g?)k(ug”4...4u,§1))¢..¢(ulf>4...4u,g>),
where ul) € Y, 1 <1<k forallie{0,1,...,5}, or

O ) (2 (2 2 1 j
w=uPulV .. u,(ﬂ)ug W .u,(@) u,(j 1>u§”u§” . ugj) =

— @A D) L@@ A @) Lo L@ AL ),
where ul J ey, 1<1<k for all i € {1,2,...,5}. Let further (T, ,F, L") be an arbi-

trary trioid and ¢: Y — T be an arbitrary map. Since Frt(Y) is a free trioid, there exists
a homomorphism ®: Frt(Y) — (T, ,F', L'). It is defined by the following rule (see [13]):

/

wd = (u (0)30 - ué )go oo u,(c?go) H (ugl)gp - ugl)gp " u,gll)gp) 1
Ll @A uPoA .. A uy)
or

I

wd = (u(ll)gp ~+ uél)gp +4 ... u(l) ©) 1’ (U1 o u(2)g0 H A u,(;)go) €
1L (u (J)gp—| ué)g0—| A u,(fj)gp).

We will call ¢ the canonical homomorphism.
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Now recall the definition of a dimonoid (|2, 3]).

A nonempty set D equipped with two binary associative operations - and F satisfying
the axioms (7'1) — (73) is called a dimonoid. If D = (D,,F) is a dimonoid, then the trioid
(D, H, F, ) (respectively, (D, -, F,F)) will be denoted by (D)™ (respectively, (D)"). It is clear
that (D)™ and (D)" are distinct as trioids but they coincide as dimonoids.

Consider some algebras from [14] and [5] which will be used in Section 4.

For an arbitrary nonempty set Y let Yy, = (Y,), Y., = (Y,F), Y., = Y, X Y,, be a
left zero semigroup, a right zero semigroup and a rectangular band, respectively. By [14]
Yi.r. = (Y,H,F) is the free left zero and right zero dimonoid (or the free left and right
diband).

Define operations 4 and - on Y? by (z,y) - (a,b) = (z,0), (z,y)F (a,b) = (a,b) for
all (z,y), (a,b) € Y2 By [14] (Y2, H,F) is the free (rb, rz)-dimonoid. It is denoted by Y ..

Define operations 4 and  on Y2 by (z,y) - (a,b) = (z,y), (z,y)F (a,b) = (z,b) for
all (z,y), (a,b) € Y2 By [14] (Y2, ,I) is the free (¢z,7b)-dimonoid. It is denoted by Yy, .

A trioid (dimonoid) is called a rectangular triband ([5], rectangular diband [14]), if each
of its semigroups is a rectangular band.

Define operations 4 and - on Y? by

(551,372,373) - (y17y2>y3) = (561,5627%)7 (5”1751327373) - (y17y2,y3) = ($17y273/3)

for all (z1, z2,x3), (y1, Y2, y3) € Y. The algebra (Y3, ,F) is denoted by FRct(Y'). According
to Theorem 1 from [14] FRet(Y') is a free rectangular diband.
Define operations -, - and L on Y? by

(al,b1,61)_|(a/2,b2702> - (alabhcl)u (ahbl)Cl)'—(aQabQ)CQ) - (a17b2702)7
(a1, by, c1,)L(ag, by, c2) = (ay, by, ca)

for all (a1, b1, c1), (az, ba, c2) € Y3, By Lemma 1 from [5] (Y3, -, F, L) is a rectangular triband.
It is denoted by Y}, 4.
Define operations -, - and L on Y3 by

(al,b1,61)_|(a/2,b2,02> - (alathQ); (CLl,bl,Cl)'_(aQ,bQ,CQ) - (a27b2a62)7
(a1, by, c1,) L(ag, by, c2) = (ay, by, c3)

for all (ay, b1, ¢1), (a2, ba, c2) € Y3. By Lemma 2 from [5] (Y3, -, F, L) is a rectangular triband.
It is denoted by Y,4,..
Define operations -, - and L on Y? by

(CL17 bl)_|(a27 bg) = ((ll, bl), (al, b1)|_<a2, b2) = (CLQ, bg), (al, bl)J_((IQ, bg) = (al, bg)

for all (ay,b1), (az,by) € Y2. By Lemma 3 from [5] (Y2 -, F, L) is a rectangular triband. It
is denoted by Y"® . Note that the trioid Y;"®  was first constructed in [15].

lzyrz® lz,rz

Define operations -, - and L on Y* by

($1,$2,l’3,9€4) = <y17y27y37y4) = (531,1132,333794),
($1,$2,I’3,$4) F (ylay27y37y4) - (xlay27y3ay4)a
($17$2,$3,$4) 1 (y17y2>y37y4) = (I17I2,y37y4)
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for all (1,9, 23, 24), (Y1, Y2, y3,y1) € Y1 The algebra (Y* -+, 1) is denoted by FRT(Y).
By Theorem 5 from [5] FRT(Y) is a free rectangular triband.

A nonempty subset A of a trioid (T, -,F, L) is called a subtrioid, if for any a,b € T,
a, b€ Aimpliesa b, at b,a L be A

As usual, N denotes the set of all positive integers.

3. Nilpotency in trioids. In this section we introduce the notion of a nilpotent trioid, give
examples of nilpotent trioids of nilpotency index 2 and construct a free n-nilpotent trioid of
an arbitrary rank.

An element 0 of a trioid (7,,F, L) is called zero ([16]), if z 0 =0%x =0%0 = 0 for
all z € T and * € {-,+, L}.

A trioid (T, H,F, L) with zero will be called nilpotent, if for some n € N and any z; € T,
1<i<n+1,and %; € {d4,F, L}, 1 <j < n, any parenthesizing of x; %1 T2 *g ... %, Tpi1
gives 0 € T'. The least such n we shall call the nilpotency index of (7, -,F, L). For k € N
a nilpotent trioid of nilpotency index < k is said to be k-nilpotent.

It is clear that operations of any 1-nilpotent trioid coincide and it is a zero semigroup.

Now we give examples of nilpotent trioids of nilpotency index 2.

Let X; and X5 be arbitrary disjoint sets, 0 € X1, and let

gOliXQXXQ—)Xl, QOQZXQXXQ—)XM @3:X2XX2—)X1

be arbitrary distinct maps. Define operations -, - and L on X; U X, by

X X
IL’_|y: {(x7y>9017 T,y € Ao, ZL‘"y: {(x7y>9027 T,y € Ko,

0, otherwise, 0, otherwise,

.ZUJ_y: ($7y)¢37 x7y€X27
0, otherwise

for all x,y € X; U Xo.
The proof of the following statement is similar to the proof of Proposition 2 from [10].

Proposition 2. (X; U Xy, -+, 1) is a nilpotent trioid of nilpotency index 2.

Recall that a trioid is called commutative, if its three operations are commutative.
Let Y be an arbitrary set such that 0, a, b, ¢, d,e,f € Y anda #b,b#c,c+#d, d+# a,
b#e,d#e, f#e, a# f, c# f. Define operations -, - and 1 on Y, assuming

b - — d = = pnd =
myz{’ vy a’:vl—y:{’ v=y C’xly:{f’ r=y=e

0, otherwise, 0, otherwise, 0, otherwise

forall z,y € Y.
The proof of the following statement is similar to that of Proposition 3 from [10].

Proposition 3. If b # 0 or d # 0, or f # 0, then (Y,,, L) is a nilpotent commutative
trioid of nilpotency index 2.

Note that the trioid (Y, H,F, L) was first constructed in [15].

It is not difficult to see that the class of all n-nilpotent trioids is a subvariety of the
variety of all trioids. A trioid which is free in the variety of n-nilpotent trioids will be called
a free n-nilpotent trioid.
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See [4, 17, 18] for more information about trioids.

For every w € F[X]| denote the length of w by [,,. Let n € N and P,, C P be a set which
contains words w with the length no more than n (see Section 2). Define operations <, >
and T on the set P, U {0} by

<
wtu= 4% St 0w =0%0=0
07 lwu>n7

for all w,u € P, and * € {<,>,1}. Denote the algebra (P, U{0},<,>,1) by P)(Y).
Theorem 1. P%(Y) is a free n-nilpotent trioid of an arbitrary rank.

Proof. By Proposition 1 from [16] P2(Y) is a trioid with zero. For any w; € P°(Y)\{0},
1<i<n+1, and x; € {<,~,1}, 1 < j < n, any parenthesizing of w; *; wy *g ... %, Wni1
gives 0. Thus, P?(Y) is nilpotent. On the other hand, for 7 € Y,

T<T<...<Tc=z7x...27#0.
T2T<... <7 #*
n

n

It means that P?(Y") has nilpotency index n.

Let us show that P°(Y) is free in the variety of n-nilpotent trioids.

Let (T,~,F, L") be an arbitrary n-nilpotent trioid, p: ¥ — T be an arbitrary map
and p: Frt(Y) — (T,-,+', L) be the canonical homomorphism which is defined by p (see
Section 2). Define a map §: PX(Y) — (T, -,F', 1') : w > wd, assuming

s — {wu, w e PAY)\{0},
0, w = 0.

Show that 0 is a homomorphism.
Let wy, wy € PO(Y)\{0} and 1y, + Ly, < n. As wy < wy € PY(Y)\{0}, then

(w1 < w2)d = (w1 < wo)p = (w1 " wo)p = wip =" wop = wid ' wod.

Analogously, (w; = wy)d = wid F wyd, (wy T wy)d = wid L' wed. The map p sends an
arbitrary element w to the product of some [, elements from 7. Hence, in the remaining
cases the equalities

(w1 < w2)d = (wy = wo)d = (w1 T ws)d = 0 = w0+ wyd = wid-wed = wyd L' wod
hold. Thus, ¢ is a homomorhism. O

4. 0-triband decompositions of PY(Y). In this section we introduce the notion of
a O-triband of subtrioids and in terms of O-tribands of subtrioids describe the structure
of free n-nilpotent trioids.

For trioids with zero there exists a natural analog of the notion of a triband of subtrioids
(see [15]).
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A trioid S with zero 0 (see Section 3) will be called a 0-triband of subtrioids Ss, 8 € B,
where B is an idempotent trioid [15], if S' = sz Sp, SsNS, = {0} for 8 # v and S-S, C
Sy, SpHSy € Spry, SpLS, € Sz for any B, € B. If B is an idempotent semigroup
(band), then we say that S is a O-band of subtrioids Ss, 8 € B.

Observe that the notion of a O-triband of subtrioids generalizes the notion of a 0-diband
of subdimonoids ([3]) and the notion of a 0-band of semigroups ([19]).

Let w € F[X] and w € P2(Y)\{0}. Denote the first (respectively, last) letter of w by w(®
(respectively, w?). Suppose that u is the initial (respectively, terminal) subword of w with

the minimal length such that u") € Y (respectively, u(?) € Y). In this case u(!) (respectively,
u(®) will be denoted by wl® (respectively, wl).
Let
Qug = {w e PYYNO} | (@, @) = (i, j)} U {0},
Quy = {w e PYYN0} | @@ =i} u{0}, Q= {w e BIY)\0} | aV =i} u{0}
fori,jeY,n>1and|Y]|> 1.
The following structural theorem gives decompositions of P?(Y') into 0-bands of sub-
trioids.
Theorem 2. The free n-nilpotent trioid P2(Y') is a 0-band of subtrioids
(i) Quy), (1,7) € Yoy, if n> 1 and [Y] > 1;
(i) Qu), 1 € Yiz, if n>1 and |Y| > 1;
(iii) Qpj, 1 € Yy, if n > 1 and [Y] > 1.
Proof. We prove (i). It is obvious that in the case where n > 1 and |Y| > 1 one has

Qun\{0} # @ for all (i,j) € Y. Moreover, Q ), (i,j) € Yy, is a subtrioid of PP(Y).
Clearly,

PYY) = U Qg Qg N Q(z",j') = {0}

(1.)€Yrs
for (i,7) # (i',7 ). It is immediate to verify that
Qup R ) € Qg QuatQuy) € Quyy  Qunt@uy) € Qay)

for any (i,7), (i',5) € Y. So, P2(Y) is a 0-band of subtrioids Q ), (i,5) € Yy
The proofs of the remaining cases are similar. O

Assume
Qs = {w € PYY N0} | (@, w0, wl, @MW) = (i, j. k, 5)} U {0}
fori,j,k,s €Y, n>3and |Y| > 1,
Qugn = {w e PYY N0} (@, 0, wl) = (i, j, k)} U {0},
Qpign = {w € PYY N0} | (w oM, @) = (i, 5, k)} U {0}

for i,j,k € Y, n > 2and |Y| > 1; Qu; = {w € PP (Y)\{0}] (0, wl) = (4, 5)} U {0} for
i,jeY,n>1and |Y]|> 1.

The following two structural theorems give decompositions of PY(Y) into 0-tribands of
subtrioids.
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Theorem 3. The free n-nilpotent trioid P*(Y') is a O-triband of subtrioids
(i) Qjks), (4,75, k,s) € FRT(Y), ifn >3 and |Y| > 1;
(i) Qx> (1,7,k) € Yizpa, if n>2 and [Y| > 1;
(i) Qujxs (0,4, k) € Yoy, if n>2 and |Y| > 1;
(iv) Quj, (,4) € Yib,, ifn > 1 and [Y] > 1.
Proof. We prove (i). It is easy to see that in the case where n > 3 and |Y| > 1 we get

Qi jis) \{0} # @ for all (i, j, k,s) € FRT(Y). Furthermore, Qi jx.s), (i,7,k,s) € FRT(Y), is
a subtrioid of P2(Y'). Evidently,

P(Y) = U Qs Quigks) N Qe j i sy = {0}

(i7j>k)$)€FRT(Y)
for (i,4,k,s) # (i',5,k',s). It can be shown that

Q(i,j,k‘,s)_'Q(i/,j/,klys/) - Q(ijks’)a Q z‘jks)l_Q 5k s C Q(iyj’,kﬂs’)a
Ql]kSJ—szks CQ@]]{?S

for any (4,j,k,s),(i',5,k',s") € FRT(Y). Thus, P)(Y) is a O-triband of subtrioids Q(; j.s),
(i,j, k, s) € FRT(Y).
The proofs of the remaining cases are similar. O

Let

Wiz = {w € PYY)\{0} | (@, 0, @) = (i, 4, k)} U {0},
Win = {w € PYY)N0} | (@, w!, @MW) = (i, j, k)} U {0}

fori,j,k €Y, n>2and |Y|>1;

Wiy = {w € BYY)\{0} | (@, w”) = (i, )} U {0},
Wiy = {w € BJ(Y)\{0}] (@ ”) = (4,5)y U {0},
Wiig) = {w € Py(Y)\{0} (w[‘”,@ ) = (i,5)} U{0},
Wig = {w € PO} (@, @) = (i, j)} U {0},
Wiy = {w € PIY)\0} | w'” =i} u{0}, Wy = {w € PY(Y)\{0} | v = i} U {0}

fori,jeY,n>1and |Y]|> 1.

Theorem 4. The free n-nilpotent trioid P)(Y') is a O-triband of subtrioids
(i) Wik, (4,7.k) € (FRet(Y))™, if n > 2 and Y| > 1;

(ii) Wiijn, (i,7,k) € (FRet(Y))", if n > 2 and |Y| > 1;

(iii) Wiz, (i,75) € ( Yiewp) ', if n>1and |Y| > 1;

(iv) Wiij, (i,5) € Yiow)™, if n > 1 and |Y| > 1;

v) Wi, (4,7) € (Yevre Tifn>1and|Y]|>1;
(4,4]

(vi) Wiijy, (i,5) € Yeops) ™, if n>1 and |Y] > 1;
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(vii) Wy, i € (Yiepo)?, ifn > 1 and [Y] > 1;
(viii) Wy, i € (Yiepo)", if n > 1 and [Y] > 1.
Proof. We prove (i). It is readily seen that in the case where n > 2 and |Y| > 1 one has

Wi in\{0} # @ for all (i, 5, k) € (FRet(Y))™. In addition, Wi, jx), (i,7,k) € (FRet(Y))7, is
a subtrioid of P%(Y'). It is clear that

P)(Y) = U Wiisw, Waigw O W a0y = 10}
(i,.k) € (FRet(Y))

for (i,4,k) # (i',5,k"). One can check that
Wego W 3wy € Wigay WaantWa gy € Wag wyy WaantWea gy € Wi

for any (i,7, k), (i, 5, k') € (FRet(Y))™. Therefore, P2(Y) is a 0-triband of subtrioids W(; ),
(i,5, k) € (FRet(Y))".
The proofs of the remaining cases are similar. O]

5. The least n-nilpotent congruence on a free trioid. In this section we present the
least n-nilpotent congruence on a free trioid.

If f: Ty — T5 is a homomorphism of trioids, then the corresponding congruence on T}
will be denoted by Ay. If v is a congruence on a trioid (7, H,t, L) such that (T, -,F, L) /a
is an n-nilpotent trioid (see Section 3), then we say that « is an n-nilpotent congruence.

Let Frt(Y) be a free trioid of an arbitrary rank (see Section 2). Fix n € N and define
a relation v, on Frt(Y) by

wvpwe if and only if wy = wy or I, > n, I, > n.
Theorem 5. The relation v, is the least n-nilpotent congruence on the free trioid Frt(Y').

Proof. Define a map &: Frt(Y) — P%(Y) by

lw<n,
we =4 =y e Frt(Y).
0, l,>n,

Take wy,ws € Frt(Y) and assume ly, 4, <n. From [, ,,<n it follows that [, <n and
lw,<n. Then
(w1=w)€ = (w1W3)€ = Wiy = wy<wy = W€ <wsé,
(wll—w2)§ = (’(/I}Iwg)g = mwg = W1~Wy = w1§>w2§,
(w1 Lwg)€ = (ww2)§ = wiwy = wiTwy = w1 §TwaE.

If ly,w, > n, then

(wiws)€ = (w1w2)€ = 0 = wiE<ws¢,
(wll—wg)f = (1/1)\—1/?1}2)5 =0= w1£>w2£, (wlj_wg)é = (w1w2)£ =0= wlﬁngé.
Consequently, £ is a surjective homomorphism. According to Theorem 1 P?(Y) is a free

n-nilpotent trioid of an arbitrary rank. Then A, is the least n-nilpotent congruence on
Frt(Y'). From the definition of ¢ it follows that A¢ = v,. O
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