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1. Introduction

Loday and Ronco introduced the notion of a trioid [9]. A trioid is a nonempty set T equipped
with three binary associative operations -,I-, and L satisfying the following axioms:

(xdy)dz=x4(yF 2), (T1)
(xFy)dz=xF(yd2), (T2)
(xdAy)Fz=xF(yF2), (T3)
(xdy)dz=x(yLz), (T4)
(xLy) dz=xL(y 42), (T5)
(xdy)Lz=xL(yF 2), (Te6)
(xFy)lz=xF (ylz), (T7)
(xly)Fz=xF (yF2) (T8)

for all x,y,z € T. Originally, trioids arose in algebraic topology. This notion has applications in
trialgebra theory [1, 3-5, 9, 11] and lately it was actively studied. Trioid theory has connections
to dialgebra theory [2, 6-8, 10] and dimonoid theory [12, 14, 16, 17, 20]. The system of axioms
of a trioid includes some axioms of a doppelsemigroup [15, 19]. Some examples of trioids can be
found in Section 2 and [18, 21, 22]. For further details, see [9, 13, 18].

The variety theory of trioids was developed in [9, 13, 18, 21, 22]. In these works, free trioids
of rank 1 [9], free trioids of an arbitrary rank [18], free n-nilpotent trioids [21], free rectangular
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tribands [22] and free commutative trioids [13] were constructed. For some mentioned free al-
gebras, certain least congruences were characterized. Endomorphisms of free trioids were investi-
gated in [23, 24].

The current paper continues researches from [13, 18, 21, 22]. Its purpose is to study some least
congruences on free trioids.

In Section 2, new classes of trioids are constructed.

In Section 3, we characterize the least dimonoid congruences and the least semigroup congru-
ence on the free commutative trioid (Theorem 3.3).

Descriptions of the least dimonoid congruences and the least semigroup congruence on the
free trioid (Theorem 4.1) are the topics of Section 4.

In the final section, the least dimonoid congruences and the least semigroup congruence on
the free rectangular triband are presented (Theorem 5.3).

2. Classes of trioids

In this section, we give new classes of trioids.
Let X be an alphabet and F[X] the free semigroup on X. For all & = (p,q) € X x X, assume
[h] = pq € FIX]. For every x € {-,I, L} let

7 X x X — (X x X)U{aia; € F[X]|ay,a, € X} : (P, 9)— (P> 49)7s

be an arbitrary map such that (p,q)y, = pq € FIX] or (p,q)y. = (p,q) € X x X. Define opera-
tions -,F, and L on F[X] U (X x X) by

ay...0y * by...by = ay...anby...by,
wxh=wlh], hxw=[hlw, h*f:[h][f],
P_{q:(qu)“/w qu:(paq”)Fv PJ-q:(Paqu

for all a;...ay, by...by € FIX] such that mk>1, w € F[X],h,f €e X x X,p,q € X and x € {4, -, L}.
The algebra (F[X] U (X x X),,F, L) will be denoted by X[y,].

Proposition 2.1. X[y,] is a trioid.
Proof. An immediate verification shows that the axioms of a trioid hold concerning operations -, -, L
and thus, X[y, ] is a trioid. O
Recall that a dimonoid [8] is a nonempty set T equipped with two binary associative opera-
tions - and F satisfying the axioms (T1)-(T3). Note that trioids, dimonoids and semigroups are
naturally related: if two operations - and L or - and L of a trioid coincide, we obtain the notion
of a dimonoid; if all operations of a trioid coincide, we obtain the notion of a semigroup. For
extensive information on dimonoids, see [12, 17, 20].

Remark 2.2. (i) If y4,7., and y, are pairwise distinct, then operations of X[y,| are pair-
wise distinct.

(ii) If yy =y =y, then operations of X[y,] coincide and it is a semigroup.
(iii) If y. = v,, then operations = and L of X[y,] coincide and it is a dimonoid.
(iv) If y, = v, then operations - and L of X[y,] coincide and it is a dimonoid.
(v) If y4 = y., then operations - and + of X[y,] coincide and it is a dimonoid.

A semigroup S is a rectangular band if xyx = x for all x,y € S. A trioid (T,,+, L) is called a
rectangular trioid or a rectangular triband [22] if (T, ), (T,F) and (T, L) are rectangular bands. A
dimonoid (D, -, F) is called a rectangular dimonoid or a rectangular diband [17] if both semigroups
(D, ) and (D, F) are rectangular bands. Free rectangular dimonoids were given in [12, 17].
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As usual, N denotes the set of all positive integers. Let I, = {1,2,...,n}, n>1, and let {X;},;

be a family of arbitrary nonempty sets X;, i € I,. Define operations -, and L on [[,, X,
where k € N, by
(X1, %25 ooy Xkt 1) T (V152,05 Yokt1) = (X1, X250, X2k Y2k1) 5
(x17x27 "'7x2k+1) F ()’17}’27 -~-7}’2k+1) = (x17y27 -~-,)’2k+1)7
(X1, 22,5 ooy X2kt 1)L (V1 V2, -0y Yakt1) = (X1, X2, ooy Xky Vi 15 -0 Y2ket1)
for all (x1, %2, ... Xak41)s (V15 Y25 s Y2kr1) € [Lieyy,,, X
Proposition 2.3. For any k € N, (Hielzm X;,H,F, L) is a rectangular trioid.
Proof. The proof is the same as the proof of Lemma 4 [22]. O

Remark 2.4. Operations &~ and L of a rectangular trioid ([[,c;, Xi,,, L) coincide and it is a
rectangular dimonoid. If X; = X for all i € {1,2,3}, then operations & and L of ([[,o;. Xi, 4, F, L)
coincide and it is the free rectangular dimonoid.

Note that in [22] a similar trioid was constructed on the set ]

i€l3

Xl‘,k € N.

i€y

3. The least dimonoid congruences on the free commutative trioid

In this section, we characterize the least dimonoid congruences and the least semigroup congru-
ence on the free commutative trioid.

Recall the construction of the free commutative trioid [13].

Let X be an arbitrary nonempty set, F*[X] the free commutative semigroup on X, Q the free
monoid on the three-element set {a, b, c}, and 0 € Q the empty word. Let further @ be an arbit-
rary word over the alphabet X. The length of w is denoted by /. By definition, the length ¢y of
0 is equal to 0 and u® = 0 for any u € Q\{6}. For all u;,u, € Q let
b, Uy = Uy = 0,

fi(u ) = a, fr (1) = {a otherwise,
¢, wm=c u=c k peNu{o},
S, t) = {a otherwise. ! .
By Q denote the subset
{yk|y € {a,c}, keNU {0}} u{s}
of Q. Define operations -,F, and L on
A= {(w, u) € F[X] x Q[f,,—¢, = 1}

by

(w1, u1) * (Wp,Uz) = (WIWZaf*(uh Mz)é’”ﬁuzﬂ)

for all (wy,u;), (wy,uy) € A and * € {-,F, L}. The algebra (A,,F, L) is denoted by FCT(X).

Theorem 3.1. ([13], Theorem 3.8) FCT(X) is the free commutative trioid.

Recall the construction of the free commutative dimonoid from [12, 17].

Let G be the set of all unordered pairs (p, q),p,q € X. Define operations 4 and F on F*[X]UG
by
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ap...ay - bl---bn = al...ambl...bn,

al...ambl...bn, 1’1’[1’l>17

ay...dy F bl...bn =
(al,bl),m =n= 17

ay...am 7 (p,q) = ar...am & (p,q) = ar...ampq,
(P, 9) Hay...an = (P,9) Fay...am = pqay...am,
(P, 9) - (r,8) = (p,9) = (r,s) = pqrs
for all a;...ap, by...b, € F*IX], (p,q), (r,s) € G.

Theorem 3.2. ([17], Theorem 4.1) (F*[X]UG, ) is the free commutative dimonoid on X.

The dimonoid (F*[X]UG, ,}) is denoted by FCD(X).

If T=(T,H,}) is a dimonoid, then the trioid (T, ,+, ) (respectively, (T, ,+,F)) is denoted
by (T) (respectively, (T)"). Clearly, (T)" and (T)" are distinct as trioids but they coincide as dimo-
noids. If p is a congruence on a trioid (T,-,F, L) such that two operations of (T,-,F, L)/p
coincide and it is a dimonoid, we say that p is a dimonoid congruence [13]. A dimonoid congruence
p on a trioid (T,,, L) is called a d}-congruence (respectively, di-congruence) [13] if
operations - and L (respectively, - and L) of (T,-,F, L)/p coincide. If p is a congruence on a
trioid (T, ,F, L) such that all operations of (T,,+, L)/p coincide, we say that p is a semigroup
congruence. If f : T} — T, is a homomorphism of trioids, the corresponding congruence on T; will
be denoted by Ay

Now we can formulate the main result of this section.

Theorem 3.3. Let FCT(X) be the free commutative trioid, (wy,u;), (w2, uz) € FCT(X), and b, ¢ as
above. Let FCD(X) be the free commutative dimonoid and F*[X] the free commutative semigroup.

(i) Define a relation n’ on FCT(X) by
(w1, u1)7T_L< (w2, Uz)

if and only if one of the following conditions holds:
(1) wy =wy and u; = u, = b;
) wy =wpand uy #£b, uy #b.

Then 7/12 is the least dﬁ—congruence on FCT(X).

(ii) Define a relation ;g on FCT(X) by

(le ul)n){_ (WZ; Mz)

if and only if one of the following conditions holds:
(1) wy = wp and uy,u; € {b,c};
(2) wi = wy and uy,uy € {b,c}.

Then 7;? is the least d--congruence on FCT(X).
(iii) Define a relation © on FCT(X) by

(W1, u1) T (W2, Uz)
if and only if w, = w,. Then T is the least semigroup congruence on FCT(X).

Proof. Let (x1...xs,y* "), (z1...zk, t* 1) € FCT(X), where x; € X for 1 <i<s,zje X for 1 <j<k
and y,t € {a,b,c}.
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(i) Define a map = : FCT(X) — (FCD(X))% by

X100 Xs otherwise.

(xl-~'x5;y571)}_>(-xl---x57y571)nj _ { (x1,%), s=2, y=b,

Let us show that 7} is an epimorphism. Consider the following four cases:

yl =t =p, (3.1)
yl#£b, 1 #£b, (3.2)
yl=b, tF1#0, (3.3)
yl4b, l=b (3.4)

In the case (3.1), we obtain
((x122, b) * (2122, b))nf{ = <x1x221Z27a3)75i
= X1X2123 = (X1,X2) * (21,22)
= (x122, b7 * (2122, b) 7
for all x € {4,F, L}.
If (3.2) holds, then
((xl.‘.xs,ysfl) - (zl.‘.zk,tkfl))nj = (xl...xszl...zk,a”k’l)nj
= X1 X212k = (K1) T (21002k) (3.5)
= (xl...xs,ys_l)nﬁ - (zl...zk,tk_l)nj,
((xl...xs7)/5_l) F (zl...zk,tk_l))nﬁ
_ (x121,b), s=k=1, o
(x1..x21...25, a*TF 1) otherwise |
(xlazl)v s=k= 17 (36)
N X100 XsZ1 -0 2k otherwise

= (x1...%5) & (21...2)

(x1.2, ) h (212, 1)k,

((xl...xs,f’I)L(zl...zk, tk’l))nﬁ

B (x1.x521.20, TFY)) y=t=c, i
= _ . 3
(x1..%21...25, aTF 1) otherwise

= X1 XeZ1eZk = (X1-0Xs) T (21-2k)

= (xl...xs,ys’l)nﬁ - (zl...zk,tkfl)nj

Let the case (3.3) is satisfied. Then

((xlxz,b) * (zl...zk,tkfl))nﬁ = (xlxzzl...zk,ak“)nﬁ
= X1%21...2k = (X1,%2) * (Z1.--Zk)
= (x1x2, b)7 * (212, 1)t

for all € {4,F, L}.
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Further, consider the case (3.4). We obtain
((xl...xs,ysfl) * (zlzz,b)> = (x1..%2125, a5t
= X1..XsZ122 = (X1...%5) * (21, 22)
= (xl...xs,ys_l)nj * (2122, b)nj
for all *+ € {4,F, L}.
Thus,
((xl‘..xs,ysfl) * (zl...zk, tk’1)>nf¢ = (xl...xs,ys’l)nf" * (zl.‘.zk, tkfl)nf{
for all (x;..x5, 1), (z1...2z1, t*1) € FCT(X) and * € {-,F, L}. It is clear that 7} is a surjection.
Since by Theorem 3.2 FCD(X) is the free commutative dimonoid, (FCD(X))" is the trioid which
is free in the variety of commutative trioids with += L. Consequently, A,. is the least d*-con-

gruence on FCT(X). From the construction of 7 it follows that A”ﬁ =nt.

(i) Define a map - : FCT(X) — (FCD(X))" by

B - x1,%), s=2, ye{bc},
(xl,_.xs’ys I)H(xl...xsays l)nlj: = {-Q(Cli-xs) OtherWng/. { }

We wish to show that n" is an epimorphism. There are exist the following four cases:

y e {b, ¢, (3.7)
y g b, ¢, (3.8)
y e (b}, ¢ {bc}, (3.9)
vyl g {b,c}, e {bc}. (3.10)

Assume that (3.7) holds. Obviously, (3.7) implies s = k =2 and y,t € {b,c}. We get
((x1%2,7) * (7122, t))n,f = (vix2212, a%) it
= xX1%22122 = (X1, X2) * (21, 22)
= (x1x27y)7r,f * (2122, t)nﬁ‘

for « € {-,F},
((X]Xz,)/)J;(ZlZz,t))ﬂfﬁ

_ { (nxzz, ), y=t=q i
(x1%22122, @) otherwise |
= x10212 = (x1,%) b (21,22)

= (xlxz,y)nﬁ F (2122, t)nﬁ.
Let us turn to the case (3.8). We have

((x1...xs7y5_l)L(zl...zk, tk_l)) -

o (xlzhc)v S:k:L 7ZL
= B . =
(x1..%521...2¢, a*F1) otherwise

{(xl,zl)a S:kzla

X1... X521 .02k otherwise
= (x1...%5) & (21---2k)

= (X1, y )t (zl...zk,tk’l)nﬁ.
The subcases for operations - and I are considered as (3.5) and (3.6), respectively.
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Finally, similarly to the cases (3.3) and (3.4), the cases (3.9) and (3.10) are checked.

Consequently, n is a homomorphism. Obviously, 7 is a surjection. Since by Theorem 3.2
FCD(X) is the free commutative dimonoid, (FCD(X))" is the trioid which is free in the variety of
commutative trioids with = L. Thus, A“i is the least dﬁ-congruence on FCT(X). From the de-

finition of 7" it follows that A, = ;r\g
(iii) Define a map = : FCT(X) — F*[X] by
(x1...xs,)f’I)H(xl...xs,ysfl)n = X...Xs.

We get

((Wl, ul) * (Wz, uz))TC = (W1W2,f*(ul, Mz)[“1+K“2+l)ﬂ
= wiw, = (wl, ul)n(wz, ug)n

for all (wy,u;), (wa, up) € FCT(X) and * € {-4,F, L}.
It means that 7 is a surjective homomorphism. Since F*[X] is the free commutative semigroup,
A, is the least semigroup congruence on FCT(X). By definition of «, the equality A, = 7 holds. O

4. The least dimonoid congruences on the free trioid

In this section, we characterize the least dimonoid congruences and the least semigroup congru-
ence on the free trioid. We will use the definitions and notations from Sections 2 and 3.

In [9], Loday and Ronco described the free trioid of rank 1. The free trioid of an arbitrary
rank was presented in [18]. Recall this construction.

For any n,k€ N and L C {1,2,....,n}, L#0, we let L+ k= {m+k|m € L} and denote the
least (greatest) number of L by Lyin (Liax)-

Let X be an arbitrary nonempty set. Define operations —,+, and L on

F={(w,L)weF[x], LC{1,2,....0,}, L#0}
by
(w,L) 4 (w,R) = (ww,L), (w,L)F (w,R) = (ww,R+¢,),
(w,L)L(,R) = (woo, LU (R+£,,))
for all (w,L), (w,R) € F. By Lemma 7.1 and Theorem 7.1 from [18], (F,,F, L) is the free trioid.
It is denoted by FT(X).
The free dimonoid was first constructed in [8]. A dimonoid which is isomorphic to the free

dimonoid can be found in [17]. Recall this construction.
Define operations 4 and I on

F = {(w,m) € FIX] x N|¢,, > m}

by

(wi,my) A (w2, mp) = (wiwa, my),

(Wi, my) = (wa,my) = (wiwa, by, + my)
for all (wi,my), (w2,m;) € F. The algebra (F,,F) is denoted by F[X]. By Lemmas 3.2 and 3.3
from [17], F[X] is the free dimonoid.

The following theorem characterizes the least dimonoid congruences and the least semigroup
congruence on FT(X).



5478 A. V. ZHUCHOK ET AL.

Theorem 4.1. Let FT(X) be the free trioid, (w,L),(w,R) € FT(X). Let F[X] be the free dimonoid
and F[X] the free semigroup.
(i) Define a relation c;; on FT(X) by
(w.L)o™ (@ B)
if and only if
w=w and L, = Ruin.
Then E is the least d*-congruence on FT(X).
(ii) Define a relation c’rg on FT(X) by
(w. L) (@ B)
if and only if
w=w and L. = Ruux.

Then E is the least d,f—congruence on FT(X).
(iii) Define a relation ¢ on FT(X) by

(w,L)o(w,R)
if and only if w = . Then & is the least semigroup congruence on FT(X).
Proof. (i) Define a map o+ : FT(X) — (F[X])™ by
(w, L)~ (w, LYo~ = (W, Lypin)-
We have

(w,L)  (w,R))c* = (wo, L)o* = (W, Lypin)
= (W, Lyin) 1 (0, Rypin) = (w, L) 4 (@, R)a7,
(w,L)  (o,R))a" = (wo, R+ £,)07 = (wo, (R+ £y) 1)
= (W, Rypin + L) = (W, Lipin) = (@, Ryin) = (w, L) = (w, R)a?,
((w,L)L(w,R))o} = (wo,LU (R+£,))0" = (wo, (LU (R+ £y)) in)
= (W, Lyyin) = (W, Lypin) = (@, Rpyins) = (w,L)a* 4 (w, R)a?:.

Thus, ¢ is a surjective homomorphism. Since F[X] is the free dimonoid, (F[X])™ is the trioid
which is free in the variety of trioids with 4= L. It means that A, is the least d*; -congruence

on FT(X). From the construction of aﬁ it follows that Aaj =ot.
(ii) Define a map o : FT(X) — (F[X])" by
(w, L) (w, L) = (W, Lynax)-
We get
(,1) (0, R)) o = (W, L)t = (w0, L)
= (W, Lyax) 7 (@, Ripax) = (W7L) P (co,R)aj,
((w,L) F (@, R))ar = (weo, R+ £,)ai = (wod, (R+ ) 100
= (W, Ryax + L) = (W, Lipax) F (o, Rmax) (w,L)oi- - (w, R)a},
((w, L)J_(co R))o = (ww, LU (R+£,))oi = (weo, (LU (R+ £y)),0r)
= (W, Ripax + lw) = (W, Linax) = (0, Rypaz) = (w, Lo - (w, R) a7
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Consequently, i is a surjective homomorphism. Since F[X] is the free dimonoid, (F (X)) is
the trioid which is free in the variety of trioids with -= L. Hence, A;. is the least dt-congruence

on FT(X). From the definition of o;" it follows that A(;& = (fr;.
(iii) Define a map ¢ : FT(X) — F[X] by
(w,L)—(w,L)o = w.
It is easy to see that
((w,L) * (w,R))o = (ww,H,)6 = ww = (w,L)o(w,R)a

for some H, C {1,2,...,4,,} and all * € {4,F, L}. It means that ¢ is a surjective homomor-
phism. Since F[X] is the free semigroup, A, is the least semigroup congruence on FT(X). By the
construction of o, relations A, and ¢ coincide. O

5. The least dimonoid congruences on the free rectangular trioid

In this section, we characterize the least dimonoid congruences and the least semigroup congru-
ence on the free rectangular trioid. We will use the definitions and notations from Sections 2
and 3.

We recall the construction of the free rectangular trioid [22].

Let X be an arbitrary nonempty set and X* = X x X x X x X. Define operations -+, and |
on X* by

(XI,XZ,X3,X4) % (ylay27y37y4) = (x1;x2;x37)/4),
(xl,xz,x3,x4) F ()’1,)’2,}’3,)’4) = (x1;y23y37y4)7
(%1, X2, X3, Xa) L (Y1, Y2, Y3, Y4) = (%1, %2, )3, V1)
for all (x1,x2,%3,%4), (y1,2,¥3,y1) € X*. The algebra (X*,H,+, L) is denoted by FRT(X).

Theorem 5.1. ([22], Theorem 1) FRT(X) is the free rectangular triband.

Now we recall the construction of the free rectangular dimonoid [12, 17] (see also
Remark 2.4).

Define operations < and - on X> = X x X x X by

(x1,%2,X%3) 7 (Y1, )2, ¥3) = (%1, %2, )3),
(x1,%2,%3) = (Y1, 2, ¥3) = (%1, )2, )3)
for all (x1,x2,%3), (y1,¥2,y3) € X°. The algebra (X°, ) is denoted by FRct(X).

Theorem 5.2. ([17], Theorem 5.1) FRct(X) is the free rectangular dimonoid.
Further, consider the construction of the free rectangular band.
Define the multiplication on X* = X x X by

(1, %2)(V1:32) = (¥1,2)

for all (x1,x2), (y1,y2) € X?. Denote the obtained algebra by X,;. It is well known that X,,, is the
free rectangular band.
The main result of this section is the following theorem.

Theorem 5.3. Let FRT(X) be the free rectangular triband, (x1,x2,%3,%41), (1,2, ¥3,ya) € FRT(X).
Let FRct(X) be the free rectangular dimonoid and X,;, the free rectangular band.
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(i) Define a relation x/E on FRT(X) by

(X1, X2, X3, Xa )W (V1, 02, Y3, V)
if and only if
(%1, X2, X4) = (Y1, Y2, Y4)-
Then tE is the least d-j-congruence on FRT(X).
(ii) Define a relation l;g on FRT(X) by

(%1, %2, X3, X)W (V1,92 Y3, V)
if and only if
(%1, X3, X4) = (1, Y3, Y4)-
Then xE is the least di--congruence on FRT(X).
(iii) Define a relation J on FRT(X) by

(X1, X2, %3, X4 )Y (V1, Y2, V3, Ya)
if and only if
(%1, %4) = (1)
Then s is the least semigroup congruence on FRT(X).

Proof. (i) Define a map ¥ : FRT(X) — (FRct(X))" by
(xlvxZax37x4)}_>(x17x27x37x4)‘//j = (Xl,X2,X4).

By Theorem 4 (iii) from [22], lﬁ is a homomorphism. It is obvious that npﬁ is a surjective

map. Since by Theorem 5.2 FRct(X) is the free rectangular dimonoid, (FRct(X))" is the trioid
which is free in the variety of rectangular trioids with == L. It means that A. is the least

d--congruence on FRT(X). From the construction of ¥ it follows that Ay = W
(i) Define a map ;" : FRT(X) — (FRet(X))" by
(xl,xz,x3,X4)|—>(X1,x27x3,X4)‘//ﬁ = (xl,x3,X4).

By Theorem 4 (iv) from [22], (ﬁﬁ is a homomorphism. It is easy to see that lﬁﬁ is a surjection.
Since by Theorem 5.2 FRct(X) is the free rectangular dimonoid, (FRct(X))" is the trioid which is
free in the variety of rectangular trioids with = L. Hence, A . is the least d!-congruence on

FRT(X). From the definition of " it follows that Ay = Wit
(iii) Define a map v : FRT(X) — X3, by
(-xla X2, X3, x4)'_)(-xl ) X2, X3, X4)l,b = (xla x4)‘
According to Theorem 2 (iii) from [22], ¥ is a homomorphism. Evidently, ¥ is a surjective

map. From Corollary 2 (iii) of [22], it follows that A, is the least semigroup congruence on
FRT(X). By definition of /, we have Ay = . O

Since associative trialgebras [9] are linear analogs of trioids, all results obtained for trioids
hold for associative trialgebras.
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