
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=lagb20

Communications in Algebra

ISSN: 0092-7872 (Print) 1532-4125 (Online) Journal homepage: https://www.tandfonline.com/loi/lagb20

Certain congruences on free trioids

Anatolii V. Zhuchok, Yuliia V. Zhuchok & Yurii V. Zhuchok

To cite this article: Anatolii V. Zhuchok, Yuliia V. Zhuchok & Yurii V. Zhuchok (2019)
Certain congruences on free trioids, Communications in Algebra, 47:12, 5471-5481, DOI:
10.1080/00927872.2019.1631322

To link to this article:  https://doi.org/10.1080/00927872.2019.1631322

Published online: 05 Jul 2019.

Submit your article to this journal 

Article views: 23

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=lagb20
https://www.tandfonline.com/loi/lagb20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00927872.2019.1631322
https://doi.org/10.1080/00927872.2019.1631322
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2019.1631322
https://www.tandfonline.com/doi/mlt/10.1080/00927872.2019.1631322
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2019.1631322&domain=pdf&date_stamp=2019-07-05
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2019.1631322&domain=pdf&date_stamp=2019-07-05


Certain congruences on free trioids
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ABSTRACT
Loday and Ronco introduced the notion of a trioid and constructed the
free trioid of rank 1. This paper is devoted to the study of congruences on
trioids. We characterize the least dimonoid congruences and the least
semigroup congruence on the free (commutative, rectangular) trioid.
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1. Introduction

Loday and Ronco introduced the notion of a trioid [9]. A trioid is a nonempty set T equipped
with three binary associative operations a;‘, and ? satisfying the following axioms:

x a yð Þ a z ¼ x a y ‘ zð Þ; (T1)

x ‘ yð Þ a z ¼ x ‘ y a zð Þ; (T2)

x a yð Þ ‘ z ¼ x ‘ y ‘ zð Þ; (T3)

x a yð Þ a z ¼ x a y?zð Þ; (T4)

x?yð Þ a z ¼ x? y a zð Þ; (T5)

x a yð Þ?z ¼ x? y ‘ zð Þ; (T6)

x ‘ yð Þ?z ¼ x ‘ y?zð Þ; (T7)

x?yð Þ ‘ z ¼ x ‘ y ‘ zð Þ (T8)

for all x; y; z 2 T: Originally, trioids arose in algebraic topology. This notion has applications in
trialgebra theory [1, 3–5, 9, 11] and lately it was actively studied. Trioid theory has connections
to dialgebra theory [2, 6–8, 10] and dimonoid theory [12, 14, 16, 17, 20]. The system of axioms
of a trioid includes some axioms of a doppelsemigroup [15, 19]. Some examples of trioids can be
found in Section 2 and [18, 21, 22]. For further details, see [9, 13, 18].

The variety theory of trioids was developed in [9, 13, 18, 21, 22]. In these works, free trioids
of rank 1 [9], free trioids of an arbitrary rank [18], free n-nilpotent trioids [21], free rectangular
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tribands [22] and free commutative trioids [13] were constructed. For some mentioned free al-
gebras, certain least congruences were characterized. Endomorphisms of free trioids were investi-
gated in [23, 24].

The current paper continues researches from [13, 18, 21, 22]. Its purpose is to study some least
congruences on free trioids.

In Section 2, new classes of trioids are constructed.
In Section 3, we characterize the least dimonoid congruences and the least semigroup congru-

ence on the free commutative trioid (Theorem 3.3).
Descriptions of the least dimonoid congruences and the least semigroup congruence on the

free trioid (Theorem 4.1) are the topics of Section 4.
In the final section, the least dimonoid congruences and the least semigroup congruence on

the free rectangular triband are presented (Theorem 5.3).

2. Classes of trioids

In this section, we give new classes of trioids.
Let X be an alphabet and F½X� the free semigroup on X. For all h ¼ ðp; qÞ 2 X � X; assume

½h� ¼ pq 2 F½X�: For every � 2 fa;‘;?g let

c� : X � X ! X � Xð Þ [ a1a2 2 F X½ �ja1; a2 2 X
� �

: p; qð Þ7! p; qð Þc�
be an arbitrary map such that ðp; qÞc� ¼ pq 2 F½X� or ðp; qÞc� ¼ ðp; qÞ 2 X � X: Define opera-
tions a;‘; and ? on F½X� [ ðX � XÞ by

a1:::am � b1:::bk ¼ a1:::amb1:::bk;

w � h ¼ w h½ �; h � w ¼ h½ �w; h � f ¼ h½ � f½ �;
p a q ¼ p; qð Þca; p ‘ q ¼ p; qð Þc‘; p?q ¼ p; qð Þc?

for all a1:::am; b1:::bk 2 F½X� such that mk> 1, w 2 F½X�; h; f 2 X � X; p; q 2 X and � 2 fa;‘;?g:
The algebra ðF½X� [ ðX � XÞ;a;‘;?Þ will be denoted by X½c��:
Proposition 2.1. X½c�� is a trioid.
Proof. An immediate verification shows that the axioms of a trioid hold concerning operations a;‘;?
and thus, X½c�� is a trioid. w

Recall that a dimonoid [8] is a nonempty set T equipped with two binary associative opera-
tions a and ‘ satisfying the axioms ðT1Þ–ðT3Þ: Note that trioids, dimonoids and semigroups are
naturally related: if two operations a and ? or ‘ and ? of a trioid coincide, we obtain the notion
of a dimonoid; if all operations of a trioid coincide, we obtain the notion of a semigroup. For
extensive information on dimonoids, see [12, 17, 20].

Remark 2.2. (i) If ca; c‘, and c? are pairwise distinct, then operations of X½c�� are pair-
wise distinct.

(ii) If ca ¼ c‘ ¼ c?, then operations of X½c�� coincide and it is a semigroup.
(iii) If c‘ ¼ c?, then operations ‘ and ? of X½c�� coincide and it is a dimonoid.
(iv) If ca ¼ c?, then operations a and ? of X½c�� coincide and it is a dimonoid.
(v) If ca ¼ c‘, then operations a and ‘ of X½c�� coincide and it is a dimonoid.

A semigroup S is a rectangular band if xyx ¼ x for all x; y 2 S: A trioid ðT;a;‘;?Þ is called a
rectangular trioid or a rectangular triband [22] if ðT;aÞ; ðT;‘Þ and ðT;?Þ are rectangular bands. A
dimonoid ðD;a;‘Þ is called a rectangular dimonoid or a rectangular diband [17] if both semigroups
ðD;aÞ and ðD;‘Þ are rectangular bands. Free rectangular dimonoids were given in [12, 17].
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As usual, N denotes the set of all positive integers. Let In ¼ f1; 2; :::; ng; n> 1, and let fXigi2In
be a family of arbitrary nonempty sets Xi; i 2 In: Define operations a;‘, and ? on

Q
i2I2kþ1

Xi;
where k 2 N; by

x1; x2; :::; x2kþ1ð Þ a y1; y2; :::; y2kþ1ð Þ ¼ x1; x2; :::; x2k; y2kþ1ð Þ;
x1; x2; :::; x2kþ1ð Þ ‘ y1; y2; :::; y2kþ1ð Þ ¼ x1; y2; :::; y2kþ1ð Þ;

x1; x2; :::; x2kþ1ð Þ? y1; y2; :::; y2kþ1ð Þ ¼ x1; x2; :::; xk; ykþ1; :::; y2kþ1ð Þ
for all ðx1; x2; :::; x2kþ1Þ; ðy1; y2; :::; y2kþ1Þ 2

Q
i2I2kþ1

Xi:

Proposition 2.3. For any k 2 N; ðQi2I2kþ1
Xi;a;‘;?Þ is a rectangular trioid.

Proof. The proof is the same as the proof of Lemma 4 [22]. w

Remark 2.4. Operations ‘ and ? of a rectangular trioid ðQi2I3 Xi;a;‘;?Þ coincide and it is a
rectangular dimonoid. If Xi ¼ X for all i 2 f1; 2; 3g, then operations ‘ and ? of ðQi2I3 Xi;a;‘;?Þ
coincide and it is the free rectangular dimonoid.

Note that in [22] a similar trioid was constructed on the set
Q

i2I2k Xi; k 2 N:

3. The least dimonoid congruences on the free commutative trioid

In this section, we characterize the least dimonoid congruences and the least semigroup congru-
ence on the free commutative trioid.

Recall the construction of the free commutative trioid [13].
Let X be an arbitrary nonempty set, F?½X� the free commutative semigroup on X, X the free

monoid on the three-element set {a, b, c}, and h 2 X the empty word. Let further x be an arbit-
rary word over the alphabet X. The length of x is denoted by ‘x: By definition, the length ‘h of
h is equal to 0 and u0 ¼ h for any u 2 Xnfhg: For all u1; u2 2 X let

fa u1; u2ð Þ ¼ a; f‘ u1; u2ð Þ ¼
b; u1 ¼ u2 ¼ h;

a otherwise;

�
f? u1; u2ð Þ ¼ c; u1 ¼ ck; u2 ¼ cp; k; p 2 N [ 0f g;

a otherwise:

(
By �X denote the subset

ykjy 2 a; cf g; k 2 N [ 0f g
n o

[ bf g

of X. Define operations a;‘, and ? on

A ¼ w; uð Þ 2 F? X½ � � �Xj‘w�‘u ¼ 1
n o

by

w1; u1ð Þ � w2; u2ð Þ ¼ w1w2; f� u1; u2ð Þ‘u1þ‘u2þ1
� �

for all ðw1; u1Þ; ðw2; u2Þ 2 A and � 2 fa;‘;?g: The algebra ðA;a;‘;?Þ is denoted by FCT(X).

Theorem 3.1. ([13], Theorem 3.8) FCT(X) is the free commutative trioid.
Recall the construction of the free commutative dimonoid from [12, 17].
Let G be the set of all unordered pairs ðp; qÞ; p; q 2 X: Define operations a and ‘ on F?½X�[G

by
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a1:::am a b1:::bn ¼ a1:::amb1:::bn;

a1:::am ‘ b1:::bn ¼
a1:::amb1:::bn;mn>1;

a1; b1ð Þ;m ¼ n ¼ 1;

(
a1:::am a p; qð Þ ¼ a1:::am ‘ p; qð Þ ¼ a1:::ampq;

p; qð Þ a a1:::am ¼ p; qð Þ ‘ a1:::am ¼ pqa1:::am;

p; qð Þ a r; sð Þ ¼ p; qð Þ ‘ r; sð Þ ¼ pqrs

for all a1:::am; b1:::bn 2 F?½X�; ðp; qÞ; ðr; sÞ 2 G:

Theorem 3.2. ([17], Theorem 4.1) ðF?½X�[G;a;‘Þ is the free commutative dimonoid on X.
The dimonoid ðF?½X�[G;a;‘Þ is denoted by FCD(X).
If T ¼ ðT;a;‘Þ is a dimonoid, then the trioid ðT;a;‘;aÞ (respectively, ðT;a;‘;‘ÞÞ is denoted

by ðTÞa (respectively, ðTÞ‘Þ: Clearly, ðTÞa and ðTÞ‘ are distinct as trioids but they coincide as dimo-
noids. If q is a congruence on a trioid ðT;a;‘;?Þ such that two operations of ðT;a;‘;?Þ=q
coincide and it is a dimonoid, we say that q is a dimonoid congruence [13]. A dimonoid congruence
q on a trioid ðT;a;‘;?Þ is called a d?a -congruence (respectively, d?‘ -congruence) [13] if
operations a and ? (respectively, ‘ and ?) of ðT;a;‘;?Þ=q coincide. If q is a congruence on a
trioid ðT;a;‘;?Þ such that all operations of ðT;a;‘;?Þ=q coincide, we say that q is a semigroup
congruence. If f : T1 ! T2 is a homomorphism of trioids, the corresponding congruence on T1 will
be denoted by Df.

Now we can formulate the main result of this section.

Theorem 3.3. Let FCT(X) be the free commutative trioid, ðw1; u1Þ; ðw2; u2Þ 2 FCTðXÞ, and b, c as
above. Let FCD(X) be the free commutative dimonoid and F?½X� the free commutative semigroup.

(i) Define a relation fp?a on FCT(X) by

w1; u1ð Þfp?a w2; u2ð Þ
if and only if one of the following conditions holds:

(1) w1 ¼ w2 and u1 ¼ u2 ¼ b;
(2) w1 ¼ w2 and u1 6¼ b; u2 6¼ b:

Then fp?a is the least d?a -congruence on FCT(X).

(ii) Define a relation fp?‘ on FCT(X) by

w1; u1ð Þfp?‘ w2; u2ð Þ
if and only if one of the following conditions holds:

(1) w1 ¼ w2 and u1; u2 2 fb; cg;
(2) w1 ¼ w2 and u1; u2 62 fb; cg:
Then fp?‘ is the least d?‘ -congruence on FCT(X).
(iii) Define a relation ep on FCT(X) by

w1; u1ð Þep w2; u2ð Þ
if and only if w1 ¼ w2. Then ep is the least semigroup congruence on FCT(X).

Proof. Let ðx1:::xs; ys�1Þ; ðz1:::zk; tk�1Þ 2 FCTðXÞ; where xi 2 X for 1 � i � s; zj 2 X for 1 � j � k
and y; t 2 fa; b; cg:
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(i) Define a map p?a : FCTðXÞ ! ðFCDðXÞÞa by

x1:::xs; y
s�1

� � 7! x1:::xs; y
s�1

� �
p?a ¼ x1; x2ð Þ; s ¼ 2; y ¼ b;

x1:::xs otherwise:

�
Let us show that p?a is an epimorphism. Consider the following four cases:

ys�1 ¼ tk�1 ¼ b; (3.1)

ys�1 6¼ b; tk�1 6¼ b; (3.2)

ys�1 ¼ b; tk�1 6¼ b; (3.3)

ys�1 6¼ b; tk�1 ¼ b: (3.4)

In the case (3.1), we obtain

x1x2; bð Þ � z1z2; bð Þð Þp?a ¼ x1x2z1z2; a
3

� �
p?a

¼ x1x2z1z2 ¼ x1; x2ð Þ � z1; z2ð Þ
¼ x1x2; bð Þp?a � z1z2; bð Þp?a

for all � 2 fa;‘;?g:
If (3.2) holds, then

x1:::xs; y
s�1

� � a z1:::zk; t
k�1

� �� �
p?a ¼ x1:::xsz1:::zk; a

sþk�1
� �

p?a

¼ x1:::xsz1:::zk ¼ x1:::xsð Þ a z1:::zkð Þ
¼ x1:::xs; y

s�1
� �

p?a a z1:::zk; t
k�1

� �
p?a ;

(3.5)

x1:::xs; y
s�1

� � ‘ z1:::zk; t
k�1

� �� �
p?a

¼ x1z1; bð Þ; s ¼ k ¼ 1;

x1:::xsz1:::zk; asþk�1
� �

otherwise

� !
p?a

¼ x1; z1ð Þ; s ¼ k ¼ 1;

x1:::xsz1:::zk otherwise

�
¼ x1:::xsð Þ ‘ z1:::zkð Þ
¼ x1:::xs; y

s�1
� �

p?a ‘ z1:::zk; t
k�1

� �
p?a ;

(3.6)

x1:::xs; y
s�1

� �? z1:::zk; t
k�1

� �� �
p?a

¼ x1:::xsz1:::zk; csþk�1
� �

; y ¼ t ¼ c;

x1:::xsz1:::zk; asþk�1
� �

otherwise

( !
p?a

¼ x1:::xsz1:::zk ¼ x1:::xsð Þ a z1:::zkð Þ
¼ x1:::xs; y

s�1
� �

p?a a z1:::zk; t
k�1

� �
p?a :

Let the case (3.3) is satisfied. Then

x1x2; bð Þ � z1:::zk; t
k�1

� �� �
p?a ¼ x1x2z1:::zk; a

kþ1
� �

p?a
¼ x1x2z1:::zk ¼ x1; x2ð Þ � z1:::zkð Þ
¼ x1x2; bð Þp?a � z1:::zk; t

k�1
� �

p?a

for all � 2 fa;‘;?g:
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Further, consider the case (3.4). We obtain�
x1:::xs; y

s�1
� � � z1z2; bð Þ

�
p?a ¼ x1:::xsz1z2; a

sþ1
� �

p?a

¼ x1:::xsz1z2 ¼ x1:::xsð Þ � z1; z2ð Þ
¼ x1:::xs; y

s�1
� �

p?a � z1z2; bð Þp?a
for all � 2 fa;‘;?g:

Thus,

x1:::xs; y
s�1

� � � z1:::zk; t
k�1

� �� �
p?a ¼ x1:::xs; y

s�1
� �

p?a � z1:::zk; t
k�1

� �
p?a

for all ðx1:::xs; ys�1Þ; ðz1:::zk; tk�1Þ 2 FCTðXÞ and � 2 fa;‘;?g: It is clear that p?a is a surjection.

Since by Theorem 3.2 FCD(X) is the free commutative dimonoid, ðFCDðXÞÞa is the trioid which
is free in the variety of commutative trioids with a¼ ?: Consequently, Dp?a

is the least d?a -con-

gruence on FCT(X). From the construction of p?a it follows that Dp?a
¼ fp?a :

(ii) Define a map p?‘ : FCTðXÞ ! ðFCDðXÞÞ‘ by

x1:::xs; y
s�1

� � 7! x1:::xs; y
s�1

� �
p?‘ ¼ x1; x2ð Þ; s ¼ 2; y 2 b; cf g;

x1:::xs otherwise:

�
We wish to show that p?‘ is an epimorphism. There are exist the following four cases:

ys�1; tk�1 2 b; cf g; (3.7)

ys�1; tk�1 62 b; cf g; (3.8)

ys�1 2 b; cf g; tk�1 62 b; cf g; (3.9)

ys�1 62 b; cf g; tk�1 2 b; cf g: (3.10)

Assume that (3.7) holds. Obviously, (3.7) implies s ¼ k ¼ 2 and y; t 2 fb; cg: We get

x1x2; yð Þ � z1z2; tð Þ� �
p?‘ ¼ x1x2z1z2; a

3
� �

p?‘
¼ x1x2z1z2 ¼ x1; x2ð Þ � z1; z2ð Þ
¼ x1x2; yð Þp?‘ � z1z2; tð Þp?‘

for � 2 fa;‘g;
x1x2; yð Þ? z1z2; tð Þ� �

p?‘

¼ x1x2z1z2; c3ð Þ; y ¼ t ¼ c;

x1x2z1z2; a3ð Þ otherwise

� !
p?‘

¼ x1x2z1z2 ¼ x1; x2ð Þ ‘ z1; z2ð Þ
¼ x1x2; yð Þp?‘ ‘ z1z2; tð Þp?‘ :

Let us turn to the case (3.8). We have

x1:::xs; y
s�1

� �? z1:::zk; t
k�1

� �� �
p?‘

¼ x1z1; cð Þ; s ¼ k ¼ 1;

x1:::xsz1:::zk; asþk�1
� �

otherwise

( !
p?‘

¼ x1; z1ð Þ; s ¼ k ¼ 1;

x1:::xsz1:::zk otherwise

�
¼ x1:::xsð Þ ‘ z1:::zkð Þ
¼ x1:::xs; y

s�1
� �

p?‘ ‘ z1:::zk; t
k�1

� �
p?‘ :

The subcases for operations a and ‘ are considered as (3.5) and (3.6), respectively.
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Finally, similarly to the cases (3.3) and (3.4), the cases (3.9) and (3.10) are checked.
Consequently, p?‘ is a homomorphism. Obviously, p?‘ is a surjection. Since by Theorem 3.2

FCDðXÞ is the free commutative dimonoid, ðFCDðXÞÞ‘ is the trioid which is free in the variety of
commutative trioids with ‘¼ ?: Thus, Dp?‘

is the least d?‘ -congruence on FCT(X). From the de-

finition of p?‘ it follows that Dp?‘
¼ fp?‘ :

(iii) Define a map p : FCTðXÞ ! F?½X� by
x1:::xs; y

s�1
� � 7! x1:::xs; y

s�1
� �

p ¼ x1:::xs:

We get

w1; u1ð Þ � w2; u2ð Þð Þp ¼ w1w2; f� u1; u2ð Þ‘u1þ‘u2þ1
� �

p

¼ w1w2 ¼ w1; u1ð Þp w2; u2ð Þp
for all ðw1; u1Þ; ðw2; u2Þ 2 FCTðXÞ and � 2 fa;‘;?g:

It means that p is a surjective homomorphism. Since F?½X� is the free commutative semigroup,
Dp is the least semigroup congruence on FCT(X). By definition of p, the equality Dp ¼ ep holds. w

4. The least dimonoid congruences on the free trioid

In this section, we characterize the least dimonoid congruences and the least semigroup congru-
ence on the free trioid. We will use the definitions and notations from Sections 2 and 3.

In [9], Loday and Ronco described the free trioid of rank 1. The free trioid of an arbitrary
rank was presented in [18]. Recall this construction.

For any n; k 2 N and L � f1; 2; :::; ng; L 6¼ ;; we let Lþ k ¼ fmþ kjm 2 Lg and denote the
least (greatest) number of L by Lmin (Lmax).

Let X be an arbitrary nonempty set. Define operations a;‘, and ? on

F ¼ w; Lð Þjw 2 F X½ �; L � 1; 2; :::; ‘wf g; L 6¼ ;� �
by

w; Lð Þ a x;Rð Þ ¼ wx; Lð Þ; w; Lð Þ ‘ x;Rð Þ ¼ wx;Rþ ‘wð Þ;
w; Lð Þ? x;Rð Þ ¼ wx; L [ Rþ ‘wð Þð Þ

for all ðw; LÞ; ðx;RÞ 2 F: By Lemma 7.1 and Theorem 7.1 from [18], ðF;a;‘;?Þ is the free trioid.
It is denoted by FT(X).

The free dimonoid was first constructed in [8]. A dimonoid which is isomorphic to the free
dimonoid can be found in [17]. Recall this construction.

Define operations a and ‘ on

F ¼ w;mð Þ 2 F X½ � � Nj‘w � m
n o

by

w1;m1ð Þ a w2;m2ð Þ ¼ w1w2;m1ð Þ;
w1;m1ð Þ ‘ w2;m2ð Þ ¼ w1w2; ‘w1 þm2ð Þ

for all ðw1;m1Þ; ðw2;m2Þ 2 F: The algebra ðF;a;‘Þ is denoted by �F½X�: By Lemmas 3.2 and 3.3
from [17], �F ½X� is the free dimonoid.

The following theorem characterizes the least dimonoid congruences and the least semigroup
congruence on FT(X).
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Theorem 4.1. Let FT(X) be the free trioid, ðw; LÞ; ðx;RÞ 2 FTðXÞ. Let �F ½X� be the free dimonoid
and F½X� the free semigroup.

(i) Define a relation fr?a on FT(X) by

w; Lð Þfr?a x;Rð Þ
if and only if

w ¼ x and Lmin ¼ Rmin:

Then fr?a is the least d?a -congruence on FT(X).

(ii) Define a relation fr?‘ on FT(X) by

w; Lð Þfr?‘ x;Rð Þ
if and only if

w ¼ x and Lmax ¼ Rmax:

Then fr?‘ is the least d?‘ -congruence on FT(X).
(iii) Define a relation er on FT(X) by

w; Lð Þer x;Rð Þ
if and only if w ¼ x. Then er is the least semigroup congruence on FT(X).

Proof. (i) Define a map r?a : FTðXÞ ! ð�F ½X�Þa by

w; Lð Þ7! w; Lð Þr?a ¼ w; Lminð Þ:
We have

w; Lð Þ a x;Rð Þð Þr?a ¼ wx; Lð Þr?a ¼ wx; Lminð Þ
¼ w; Lminð Þ a x;Rminð Þ ¼ w; Lð Þr?a a x;Rð Þr?a ;

w; Lð Þ ‘ x;Rð Þð Þr?a ¼ wx;Rþ ‘wð Þr?a ¼ wx; Rþ ‘wð Þmin

� �
¼ wx;Rmin þ ‘wð Þ ¼ w; Lminð Þ ‘ x;Rminð Þ ¼ w; Lð Þr?a ‘ x;Rð Þr?a ;

w; Lð Þ? x;Rð Þð Þr?a ¼ wx; L [ Rþ ‘wð Þð Þr?a ¼ wx; L [ Rþ ‘wð Þð Þmin

� �
¼ wx; Lminð Þ ¼ w; Lminð Þ a x;Rminð Þ ¼ w; Lð Þr?a a x;Rð Þr?a :

Thus, r?a is a surjective homomorphism. Since �F ½X� is the free dimonoid, ð�F ½X�Þa is the trioid
which is free in the variety of trioids with a¼ ?: It means that Dr?a

is the least d?a -congruence

on FT(X). From the construction of r?a it follows that Dr?a
¼ fr?a :

(ii) Define a map r?‘ : FTðXÞ ! ð�F½X�Þ‘ by

w; Lð Þ7! w; Lð Þr?‘ ¼ w; Lmaxð Þ:
We get

w; Lð Þ a x;Rð Þð Þr?‘ ¼ wx; Lð Þr?‘ ¼ wx; Lmaxð Þ
¼ w; Lmaxð Þ a x;Rmaxð Þ ¼ w; Lð Þr?‘ a x;Rð Þr?a ;

w; Lð Þ ‘ x;Rð Þð Þr?‘ ¼ wx;Rþ ‘wð Þr?‘ ¼ wx; Rþ ‘wð Þmax

� �
¼ wx;Rmax þ ‘wð Þ ¼ w; Lmaxð Þ ‘ x;Rmaxð Þ ¼ w; Lð Þr?‘ ‘ x;Rð Þr?‘ ;

w; Lð Þ? x;Rð Þð Þr?‘ ¼ wx; L [ Rþ ‘wð Þð Þr?‘ ¼ wx; L [ Rþ ‘wð Þð Þmax

� �
¼ wx;Rmax þ ‘wð Þ ¼ w; Lmaxð Þ ‘ x;Rmaxð Þ ¼ w; Lð Þr?‘ ‘ x;Rð Þr?‘ :
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Consequently, r?‘ is a surjective homomorphism. Since �F½X� is the free dimonoid, ð�F ½X�Þ‘ is
the trioid which is free in the variety of trioids with ‘¼ ?: Hence, Dr?‘

is the least d?‘ -congruence

on FT(X). From the definition of r?‘ it follows that Dr?‘
¼ fr?‘ :

(iii) Define a map r : FTðXÞ ! F½X� by
w; Lð Þ7! w; Lð Þr ¼ w:

It is easy to see that

w; Lð Þ � x;Rð Þð Þr ¼ wx;H�ð Þr ¼ wx ¼ w; Lð Þr x;Rð Þr
for some H� � f1; 2; :::; ‘wxg and all � 2 fa;‘;?g: It means that r is a surjective homomor-
phism. Since F½X� is the free semigroup, Dr is the least semigroup congruence on FT(X). By the
construction of r, relations Dr and er coincide. w

5. The least dimonoid congruences on the free rectangular trioid

In this section, we characterize the least dimonoid congruences and the least semigroup congru-
ence on the free rectangular trioid. We will use the definitions and notations from Sections 2
and 3.

We recall the construction of the free rectangular trioid [22].
Let X be an arbitrary nonempty set and X4 ¼ X � X � X � X: Define operations a;‘; and ?

on X4 by

x1; x2; x3; x4ð Þ a y1; y2; y3; y4ð Þ ¼ x1; x2; x3; y4ð Þ;
x1; x2; x3; x4ð Þ ‘ y1; y2; y3; y4ð Þ ¼ x1; y2; y3; y4ð Þ;
x1; x2; x3; x4ð Þ? y1; y2; y3; y4ð Þ ¼ x1; x2; y3; y4ð Þ

for all ðx1; x2; x3; x4Þ; ðy1; y2; y3; y4Þ 2 X4: The algebra ðX4;a;‘;?Þ is denoted by FRT(X).

Theorem 5.1. ([22], Theorem 1) FRT(X) is the free rectangular triband.
Now we recall the construction of the free rectangular dimonoid [12, 17] (see also

Remark 2.4).
Define operations a and ‘ on X3 ¼ X � X � X by

x1; x2; x3ð Þ a y1; y2; y3ð Þ ¼ x1; x2; y3ð Þ;
x1; x2; x3ð Þ ‘ y1; y2; y3ð Þ ¼ x1; y2; y3ð Þ

for all ðx1; x2; x3Þ; ðy1; y2; y3Þ 2 X3: The algebra ðX3;a;‘Þ is denoted by FRct(X).

Theorem 5.2. ([17], Theorem 5.1) FRct(X) is the free rectangular dimonoid.
Further, consider the construction of the free rectangular band.
Define the multiplication on X2 ¼ X � X by

x1; x2ð Þ y1; y2ð Þ ¼ x1; y2ð Þ
for all ðx1; x2Þ; ðy1; y2Þ 2 X2: Denote the obtained algebra by Xrb. It is well known that Xrb is the
free rectangular band.

The main result of this section is the following theorem.

Theorem 5.3. Let FRT(X) be the free rectangular triband, ðx1; x2; x3; x4Þ; ðy1; y2; y3; y4Þ 2 FRTðXÞ.
Let FRct(X) be the free rectangular dimonoid and Xrb the free rectangular band.
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(i) Define a relation fw?
a on FRT(X) by

x1; x2; x3; x4ð Þfw?
a y1; y2; y3; y4ð Þ

if and only if

x1; x2; x4ð Þ ¼ y1; y2; y4ð Þ:
Then fw?

a is the least d?a -congruence on FRT(X).

(ii) Define a relation fw?
‘ on FRT(X) by

x1; x2; x3; x4ð Þfw?
‘ y1; y2; y3; y4ð Þ

if and only if

x1; x3; x4ð Þ ¼ y1; y3; y4ð Þ:
Then fw?

‘ is the least d?‘ -congruence on FRT(X).

(iii) Define a relation ew on FRT(X) by

x1; x2; x3; x4ð Þew y1; y2; y3; y4ð Þ
if and only if

x1; x4ð Þ ¼ y1; y4ð Þ:
Then ew is the least semigroup congruence on FRT(X).

Proof. (i) Define a map w?
a : FRTðXÞ ! ðFRctðXÞÞa by

x1; x2; x3; x4ð Þ7! x1; x2; x3; x4ð Þw?
a ¼ x1; x2; x4ð Þ:

By Theorem 4 (iii) from [22], w?
a is a homomorphism. It is obvious that w?

a is a surjective

map. Since by Theorem 5.2 FRct(X) is the free rectangular dimonoid, ðFRctðXÞÞa is the trioid
which is free in the variety of rectangular trioids with a¼ ?: It means that Dw?

a
is the least

d?a -congruence on FRT(X). From the construction of w?
a it follows that Dw?

a
¼ fw?

a :
(ii) Define a map w?

‘ : FRTðXÞ ! ðFRctðXÞÞ‘ by

x1; x2; x3; x4ð Þ7! x1; x2; x3; x4ð Þw?
‘ ¼ x1; x3; x4ð Þ:

By Theorem 4 (iv) from [22], w?
‘ is a homomorphism. It is easy to see that w?

‘ is a surjection.

Since by Theorem 5.2 FRct(X) is the free rectangular dimonoid, ðFRctðXÞÞ‘ is the trioid which is
free in the variety of rectangular trioids with ‘¼ ?: Hence, Dw?

‘
is the least d?‘ -congruence on

FRT(X). From the definition of w?
‘ it follows that Dw?

‘
¼ fw?

‘ :
(iii) Define a map w : FRTðXÞ ! Xrb by

x1; x2; x3; x4ð Þ7! x1; x2; x3; x4ð Þw ¼ x1; x4ð Þ:
According to Theorem 2 (iii) from [22], w is a homomorphism. Evidently, w is a surjective

map. From Corollary 2 (iii) of [22], it follows that Dw is the least semigroup congruence on
FRT(X). By definition of w, we have Dw ¼ ew: w

Since associative trialgebras [9] are linear analogs of trioids, all results obtained for trioids
hold for associative trialgebras.
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