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The semigroup of endotopisms of the equivalence
relation

E. Romanenko

Let X be an arbitrary non-empty set, ρ be a binary relation on the set X. Denote
by J(X) the symmetric semigroup on the set X.

An ordered pair (ϕ,ψ) of transformations ϕ and ψ of the setX is called an endotopism
if (x, y) ∈ ρ implies (xϕ, yψ) ∈ ρ for all x, y ∈ X [1]. The set of all endotopisms of the
binary relation ρ is a semigroup relative to operation of direct product of transformations.
This semigroup is denoted by Et(ρ).

Let α be an equivalence relation on the set X. By X/α we denote a quotient of the
set X on the equivalence α and by x the equivalence class, which contains x ∈ X. We
define a small category K, in which ObK = {a|a ∈ X/α} and MorK =

⋃
a, b∈ObK

Map(a, b,

where Map(a, b) is the set of all mappings from a to b.
We designate by W a wreath product J(X/α)wrK of the symmetric semigroup

J(X/α) with the small category K (see, for example, [2]).
Further let P (W ) = {((ψ, f), (ϕ, g)) ∈ W ×W |ψ = ϕ}. It is clear that P (W ) is a

subsemigroup of the direct product W ×W .

Theorem. The endotopism semigroup Et(α) of any equivalence relation α is isomorphic
to the semigroup P (W ).

Corollary. For any equivalence relation on finite set X we have

|Et(α)| =
∑

ϕ∈J(X/α)

 ∏
x∈X/α

|ϕ(x)||x|
2

.
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